Collins functions are quark fragmentation functions responsible for some single spin asymmetries in hadronic processes. The functions are defined with gauge links pointing to different directions in different processes. By replacing hadrons with QCD partons we show the universality of Collins functions at parton level. We give arguments to support that the universality also holds at hadron level.
A new tool for exploring the structure of hadrons is provided by measuring Single Spin Asymmetries(SSA) in hadronic processes. These asymmetries have been experimentally studied in many processes like Semi Inclusive Deep Inelastic Scattering(SIDIS), hadronic collisions and e + e − -annihilation into hadrons. An updated review about the phenomenology of SSA can be found in [1] . These asymmetries are particularly interesting because they generally require nonzero absorptive parts of scattering amplitudes and spin-flip interactions. Theoretically two approaches based on the concept of QCD factorization exist. One of them is the collinear factorization [2, 3, 4] , another one is based on extensions of Transverse-Momentum-Dependent factorization [5, 6, 7, 8] .
In the approach of TMD factorization two types of nonperturbaive functions are of special interest. They are Collins functions [6] and Sivers functions [9] . They are responsible for SSA in relevant processes and their consequences for measured SSA have been studied intensively(See references in [1] . Sivers functions are parton distribution functions of a transversely polarized hadron, which represent the correlation between the transverse momentum of a parton and the spin of the hadron. Collins functions are quark fragmentation functions representing the correlation between the spin of the fragmenting quark and the transverse momentum of a hadron produced through the fragmentation. The existence of similar T -odd correlations has been suggested long time ago [10] . These functions contain T -odd-and spin-flip effects. Intensive efforts has been spent to study how to consistently define or interpret these functions which is gauge invariant and contains T -odd effects [6, 11, 12, 13, 14] . Through these studies consistent definitions of these distributions or fragmentation functions which contain T -odd effects can be given.
The definitions of these functions are different for different processes. The difference is introduced by the role played by the gauge links along different directions. Because final state interactions produce the required T -odd effects in SIDIS, the Sivers function in SIDIS is defined with gauge links pointing to the future. In Drell-Yan processes initial state interactions produce the T -odd effects, the Sivers function in Drell-Yan processes is thus defined with gauge links pointing to the past. Similar situation also appears for Collins functions in SIDIS and e + e − -annihilations. This brings up the question if Sivers functions or Collins functions in different processes are related to each others. The same question has been also asked for standard Parton Distribution Functions(PDF) in different processes in collinear factorization. The answer is that all PDF's in different processes are the same. This is the so-called universality of PDF's. For Sivers functions by using Parity-and Time-reversal(T) symmetry of QCD, one can indeed show that the Sivers functions defined with gauge links pointing to different directions have only a sign difference [6, 15] . However the situation for Collins functions is unclear.
If one uses PT-symmetry directly, one can show that the Collins function in SIDIS has a sign difference to that in e + e − -annihilations. But this is in conflict with existing results. From model-calculations [16, 17, 18, 19] one does not find the sign difference. More interesting is the model-independent observation made in [19] that the direction of the gauge links in the case with one-and two gluon exchange makes no difference in contributions to Collins functions. With a single partonic state the Collins functions are examined at leading order of α s and the obtained results confirm the above observation [20] . This leads to the question that PT-symmetry may not be used in fragmentation processes. It is the purpose of this letter to examine the universality of Collins functions. We will first show that the universality of Collins functions if we replace all hadrons with partons. Then we give arguments that the universality also holds at hadron level.
The Collins function in SIDIS can be defined in a non-singular gauge with a gauge link pointing along the direction u µ = (u + , u − , 0, 0) to the past:
(
The function can be defined in the limit u + ≪ u − as [6, 7, 12] :
The parton carries the momentum k µ = (P + /x, 0, 0, 0) and the hadron is with the momentum P µ = (P + , P − , P ⊥ ) with P + as the large component. The function δq is called as Collins function [6] . It should be noted that one can also define the Collins function in a frame through a Lorentz transformation where the hadron has zero transverse momentum and the parton has the transverse momentum −x P ⊥ [5] . Similar function is also related SSA in e + e − -annihilation, which is defined with the gauge link pointing to the future:
In a singular gauge like light-cone gauges one should add a gauge link in the transverse direction at the space-time boundary to make the definitions gauge-invariant explicitly, as shown in [14] . However, in a non-singular gauge like Feynman gauge the gauge fields at infinite x + or x − are zero and the gauge links at infinite x + or x − are unit matrices. In the following we will suppress the ζ-and µ-dependence in the two Collins functions. At first glance one may use Parity(P)-and Time-reversal(T) symmetry to relate the two functions.
Under PT-transformation the amplitude transforms as:
with Γ P T = −iγ 5 Cγ 0 . The phase θ(XH) comes from the convention. It has no effect on the functions. It should be noted that the state in the right-hand side is not exactly the same as that in the left-hand side, if particles in the state have nonzero spins and other quantum numbers beside momenta. The spins and other quantum numbers will be summed. Hence, the difference also has no effect on the functions. With the P T -transformation we have from Eq. (2):
One may conclude that δq SIDIS = −δq e + e − . However, this is in contradiction with some existing results.
From model-calculations [16, 17, 18, 19] one actually have δq SIDIS = +δq e + e − . This implies that the direction of the gauge links in the definition of Collins functions is irrelevant. More interesting is the model-independent observation made in [19] that the direction of the gauge links in the case with oneand two gluon exchange makes no difference in contributions to Collins functions. With a single partonic state the Collins functions are examined at leading order of α s and the obtained results confirm the above observation [20] . This leads to the conjecture that P T -symmetry may not be used in the case of parton fragmentation. If one looks carefully at the transformation in Eq.(4), one realizes that the state with hadrons in the left hand side is an out-state, while that in the right-hand side is an in-state. The inclusive sum of states in Eq. (5) is the sum of in-states. The inclusive sum of out-states in Eq.(2) and the inclusive sum of in-states in Eq.(5) may not be the same [8] . From the above observations it seems impossible to obtain any relation between two Collins functions with some general arguments. The purpose of this letter is to study this issue by replacing hadrons with partons. We make the replacement:
where a can be a quark or gluon and X in the right hand side consists of quarks and gluons. Only the momentum of the parton a is observed. If we replace the hadronic states with partonic states, the difference between an in-state |Y and its corresponding out-state |Ȳ related by T-symmetry is only a trivial phase difference, i.e.,
The phase is determined by the phase convention of T-transformation. Hence the phase is irrelevant for the two functions. A more involved way to show the trivial difference between an in-state and its corresponding out-state is to use the reduction formula. This can be done because now all states consist only partons which are fundamental dynamical freedoms of QCD. In doing this one can move all partons out of a state, and then an amplitude is determined by vacuum expectation value of QCD operators, i.e., amputated Green's functions. Then one can work directly with PT symmetry. Therefore, PT-symmetry can be used to relate one Collins function to another, when all hadrons are replaced by partons. We will come back to the issue with hadronic states later. In calculating these functions with a single parton, one needs to keep the quark mass for spin-flip. If one uses massless partons, one needs to construct a suitable parton state for the replacement. With the constructed parton state one can have spin-flip effects as shown in [22] . Even with partonic states and the trivial difference between in-states and out-states of partons, one still gets the relation δq SIDIS = −δq e + e − by using PT-transformation as in Eq.(4). We point out here that the simple derivation of the relation δq SIDIS = −δq e + e − is not correct. In the simple derivation one ignores the well-known fact: Collins functions are nonzero only if the fragment amplitudes have nonzero imaginary parts. This means that Collins functions receive contributions from the interference between real-and imaginary parts of amplitude. In the definition, the functions look like a product of amplitudes with their complex conjugated, implemented with the projection σ µ+ for Dirac fields. To derive a correct relation it is crucial to understand the well-known fact and to write the functions explicitly as the interference. For this we re-write the Collins functions by using translational covariance:
It should be noted that the functions do not depend on the direction of P ⊥ because of the rotation covariance in the transverse space. It is free to take any direction to calculate the functions. We take the direction P ⊥ = (P 1 ⊥ , 0). Now taking the Dirac representation of γ-matrices, we find that each contribution to the functions is proportional to T † α T β − T † β T α because γ 0 σ 1+ is anti symmetric. This tells us that the Collins functions are zero if amplitudes are purely real or purely imaginary. The amplitude can be separated into a real-and imaginary part:
The real-or imaginary part of the amplitude is related to the dispersive-and absorptive part of the amplitude through a common phase, respectively. The common phase is determined by the state, but not by the interaction. In other word, the phase of the amplitude is determined by the common phase, if the absorptive part is zero. This common phase will not have any effect on Collins functions. With this separation the function in SIDIS can be now defined as:
The Collins function δq e + e − is obtained by replacing the amplitude T (a, X, −∞) with T α (a, X, ∞). Under the PT-transformation in Eq. (4) we have the relation:
With the representation in Eq. (10) we find the universality among the two Collins functions:
This is the proof of the universality at parton level.
Before we turn to the case with hadrons, it is interesting to discuss the case of Sivers functions q ⊥ which are also related to SSA in SIDIS and Drell-Yan(DY) processes. Unlike Collins functions, Sivers functions are parton distribution functions and do not involved any semi-inclusive sum of states. From P T -symmetry one directly obtains q ⊥SIDIS = −q ⊥DY [6] . This relation has explicitly been checked with massive partons and massless partons [20, 21, 22] . One may wonder if one can use the same method to derive the relation. For doing this one first inserts in the definition of Sivsers functions an inclusive sum of states so that the functions can be written as a product of amplitudes with their complex conjugated, implemented with some projections. If one replaces the polarized hadron in Sivers functions with a single quark state and the spin of the quark is described by a spin vector s, one can not obtain the representation as an interference like the Collins function in Eq.(10) in a straightforward way. One needs to use the reduction formula to move out the single quark and to pick up the contribution related to the spin. Then one can use the method here to derive the relation at parton level. An easy way is to work with helicity basis of spin. Sivers functions are the non-diagonal part of a density matrix in the helicity space. The non-diagonal part can be easily written as interferences between real-and imaginary parts of amplitudes. Then one can show q ⊥SIDIS = −q ⊥DY at parton level.
In the real world, the physical states consist of hadrons instead of partons. The partons can never be in an asymptotic state. It may be unclear that the relation holds at hadron level. Hadrons are asymptotic states in the sense that interactions are switched off at t = ±∞, because at t = ±∞ hadrons are widely separated. Then one can relate an in-state of hadrons with the corresponding out-state by T -transformation. The two states are related through a phase, like Eq.(7). Realizing this and taking care about the fact that the Collins functions are from interferences of real-and imaginary parts of amplitudes, i.e, using the representation in Eq.(10), one immediately has the universality relation in Eq. (12) . Another argument can be given for the universality at hadron level. One can use light-cone wave functions of hadrons classified in [23] to obtain a light-cone wave function representation of Collins functions, like the representation obtained for deeply virtual compton scattering in [24] . In the representation hadrons are expressed with various partonic states associated with light-cone wave functions. In this case, one always deals with partonic states. Therefore, one expects that the universality which holds at parton level, also holds at hadron level.
To summarize: By re-write Collins functions as interferences between real-and imaginary parts of fragmentation amplitudes, we can show at parton level the universality of Collins functions, i.e., the Collins function in SIDIS is the same as that in e + e − -annihilations. Although partonic states are used, the proof of the universality does not involve perturbation theory of QCD. It is from PT-symmetry. With the universality at parton level one can expect that the universality also holds at hadron level. Arguments supporting this are also given.
